to M sympl is H * (X, C) which is the r.h.s. in the above "mirror" equality of cohomology groups. Restricting VHS A (X) to the usual Kähler cone one gets precisely the A-variations of Hodge structure studied in [CF, CK, Mo] .
Thus, for any Calabi-Yau manifold X there are two semi-infinite variations of Hodge structure, VHS B (X) and VHS A (X), and two families of solutions, {Φ W compl (X)} and {Φ W ′ sympl (X)}, to WDVV equations. It is reasonable to believe that for a mirror pair X andX, VHS A (X) = VHS B (X), VHS B (X) = VHS A (X), implying Φ W compl (X) = ΦŴ sympl (X), Φ W ′ sympl (X) = ΦŴ ′ compl (X) for appropriately related filtrations (W,Ŵ ) and (W ′ ,Ŵ ′ ). We check this conjecture in the idealized situation when X andX are dual torus fibrations over the same Monge-Ampère manifold [KS, L, SYZ] .
As a purely algebraic exercise, we show in this paper that semi-infinite variations of Hodge structure and the associated construction of solutions of WDVV equations make sense for any differential Gerstenhaber-Batalin-Vilkovisky (dGBV) algebras satisfying Manin's axioms [Ma] .
The paper is organized as follows. Section 2 gives an outline of deformation theory and introduces the basic algebraic input. In Sections 3 and 4 we construct VHS A (X) and {Φ W ′ sympl (X)}. In Section 5 we establish isomorphisms, VHS A (X) = VHS B (X) and VHS B (X) = VHS A (X), for dual torus fibrations. (Semi-infinite) Variations of a dGBV theme are collected in Section 6. §2. An outline of deformation theory 2.1. Sign conventions. In the deformation theory context, it is more suitable to work with the odd version of the usual notion of differential Lie superalgebra. By definition, this is a Z 2 -graded vector space, g = g0 ⊕ g1, equipped with two odd linear maps
and
for all a, b, c ∈ g0 ∪ g1.
In many important examples, the Z 2 -grading in g comes from an underlying Z-grading, i.e. g = ⊕ i∈Z g i , g0 = ⊕ i even g i , g1 = ⊕ i odd g i , and the basic operations satisfy dg
Clearly, the parity change functor transforms this structure into the usual structure of differential Lie superalgebra on the vector superspace Πg. Thus the above notion is nothing new except slightly unusual sign conventions.
Deformation theory.
Here is a latest guide for constructing a versal moduli space, M, of deformations of a given mathematical structure:
Step 1: Associate to the mathematical structure a "controlling" differential graded (dg, for short) Lie algebra (g = i∈Z
Step 2: Find a mini-versal smooth formal pointed dg-manifold (M, ð, * ) (i.e. a triple consisting of a smooth formal Z-graded manifold M, a point * ∈ M, and an odd vector field ð on M such that [ð, ð] = 0) which represents 1 the deformation functor, Here m A stands for the maximal ideal in A, and the quotient is taken with respect to the following action of the gauge group,
It is proven in [Me2] that such a smooth dg-manifold (M, ð, * ) always exists. Moreover, (M, * ) can be identified with a neighborhood of zero in the cohomology superspace, H(g) = ker d/Im d, so that the main job in Step 2 is to find the vector field ð.
Step 3: Try to make sense to the quotient space, M, of the subspace zeros(ð) ⊂ M with respect to the foliation governed by the integrable distribution Im ð := [ð, T M], T M being the tangent sheaf. In the analytic category, the Kuranishi technique (that is, a cohomological splitting of g induced by a suitably chosen norm) should do the job. This M is a desired mini-versal moduli space of deformations.
The functor Def g is called non-obstructed if the vector field ð vanishes. In this case M = M.
2.3. Remarks. The classical deformation functor, Def g , as defined in the works of Deligne, Goldman, Kontsevich, Millson and others (see [GM, K2] and references therein), is just a restriction of Def to the subcategory, {(A, d A = 0)}, of usual (non differentiable) Artin superalgebras. Here is an evidence in support of the Cyrillic version:
(i) The modification Def g → Def g does not break the Main Theorem of Deformation Theory: if dg Lie algebras g 1 and g 2 are quasi-isomorphic, then Def g 1 ≃ Def g 2 .
(ii) Contrary to Def, the functor Def is always representable by smooth geometric data (M, ð, * ).
(iii) If Def g admits a mini-versal (usually, singular) moduli space M, then the latter can be reconstructed from (M, ð, * ) as in Step 3. In particular, Def g is non-obstructed in the usual sense if and only if Def g is non-obstructed.
Rather than working with a singular moduli space M, it is more convenient to work with its smooth resolution (M, ð, * ). This is the main, purely technical, advantage of Def over Def.
Note that the tangent space to the functor Def g is the full cohomology group H(g) = ⊕ i H i (g) rather than its subgroup H 2 (g) as in many classical deformation problems (see examples below). This is because we allowed the solutions, Γ, of Maurer-Cartan equations to lie in (g ⊗ m A ) 2 rather than in g 2 ⊗ m A . In this sense the moduli space M (or its resolution (M, ð, * )) describes extended deformations of the mathematical structure under consideration. The classical moduli space, M cl , is a proper subspace of M.
Example (Deformations of complex structures).
The dg Lie algebra controlling deformations of a given complex structure on a 2n-dimensional manifold X is given by
where T X stands for the sheaf of holomorphic vector fields, Ω s,q X for the sheaf of smooth differential forms of type (s, q), and [ • ] = Schouten brackets ⊗ wedge product.
In general, the deformation theory is obstructed. However, if X is a Calabi-Yau manifold, then Def g (or Def g ) is non-obstructed [BK] , and the associated mini-versal moduli space M is isomorphic to an open neighbourhood of zero in
2.5. Example (deformations of Poisson and symplectic structures). The dg Lie algebra controlling deformations of a given Poisson structure, ν 0 ∈ Γ(X, ∧ 2 T R ), on a real smooth manifold X is given by
where T R stands for the sheaf of real tangent vectors. If ν 0 is non-degenerate, that is, ν 0 = ω −1 for some symplectic form ω on X, then the natural "lowering of indices map" ω ∧i : 
which controls the extended deformations of the symplectic structure ω. More explicitly,
It is proven in [Me1] that the associated deformation functor is non-obstructed provided the symplectic manifold (X, ω) is Lefschetz (in particular, Kähler), that is, that the cup product
is an isomorphism for any k ≤ n =: 1/2 dim X. In this case the associated mini-versal moduli space, M, of extended symplectic structures is smooth, and locally isomorphic to
2.6. Example (extended deformations of Kähler structures). Assume X is a complex manifold, and consider the Lie algebra,
If ω is a Kahler form on X and ω
Clearly, the resulting dg Lie algebra controls deformations of the Kähler structure. It has a more convinient embodiment.
The Kähler form ω induces the "lowering of indices" isomorphism,
which sends [ω −1 • . . . ] into∂, and hence makes the Doulbeout complex into a dg Lie algebra,
The odd brackets can be written explicitly as in 2.5 but with
The associated deformation functor is non-obstructed, and the associated versal moduli space, M, of extended Kähler forms is locally isomorphic, as a formal pointed supermanifold, to 
for all κ 1 , κ 2 ∈ g and a ∈ m. Let (M, * , ð) be the mini-versal dg moduli space associated with the functor Def g . The dg Lie algebra structure on the vector superspace g can be geometrically represented as an odd homological vector field, Q g , on g viewed as a supermanifold. For any α ∈ g * (interpreted now as a function on the supermanifold g) and any point γ ∈ g, one has
There always exists a map of pointed dg manifolds,
Moreover, this map is unique up to a gauge transformation as in Step 2 of Sect. 2.2 (see, e.g., [Me2] for a proof). Any such Γ gives rise to a flat ð-connection,
in the trivial vector bundle M × m. Though this connection is not gauge invariant, the associated cohomology sheaf,
together with its natural flat ð-connection, D ð , is well defined, i.e. the pair (E m , ð) does not depend on the choice of a particular map Γ.
In summary, we have the following
) be a dg Lie algebra and let (M, * , ð) be the mini-versal dg moduli space representing the functor Def g . Any dg g-module (m, •, d) gives canonically rise
, the cohomology of the complex m, and
It is clear that the pair (E m , D ð ) on M gives rise to a well defined O M -module on the derived moduli space M = Zeros(ð)/Im ð (see [B2] ).
3.1.2. Remark. The above Proposition can be strengthened as follows: the derived category of dg modules over a given dg Lie algebra g is equivalent to the purely geometric category of vector bundles over (M, ð, * ) equipped with flat ð-connections. We omit the proof.
In fact the base, (M, ð, * ), can itself be identified with F (g), where F is the functor the category of dg Lie algebras This gives another meaning to the dg moduli space (M, ð, * ) which we first encountered in the context of the Deformation theory.
3.2. Flat structure. Let (m, d, •) be a dg g-module and assume that there is an even linear map,
for any κ, κ 1 , κ 2 ∈ g and a ∈ m. Choosing a map Γ : (M, * , ∂) → (g, 0, Q g ) as in Sect. 3.1, we may define a flat connection, v,ð] implying the following
) be a dg Lie algebra, (M, * , ð) the associated mini-versal dg moduli space, and M = Zeros(ð)/Im(ð) the associted derived moduli space. Any dg g-module (m, •, •, d) as above gives canonically rise to a pair, (E m , ∇), where E m is a vector bundle on M with typical fibre H(m), and ∇ is a flat connection.
3.2.2. Remark. The flat connection ∇ identifies the linear space of horizontal sections of π : E m → M with the fibre π −1 ( * ). Explicitly, the identification goes as follows
In particular, the parallel transport establishes a canonical isomorphism of the fibres
Example (deformations of complex structures).
One of the key observations in [B2] is that, for any compact complex manifold X, the pair consisting of the dg Lie algebra,
and the g-module,
and κ • a := i κ a, do satisfy the conditions of Proposition 3.2.1. Thus the extended moduli space of complex structures (which, for Calabi-Yau X, is smooth and locally isomorphic to H * (X, ∧ * T X )) comes equipped with a flat vector bundle whose typical fibre is the de Rham cohomology H * (X, C).
Example (deformations of Kähler forms).
In this subsection we shall present one more example to which Proposition 3.2.1 is applicable. Curiously it inverses the roles of g and m in Barannikov's example, and hence gives rise to a local system whose base is locally isomorphic to the de Rham cohomology H * (X, C) and whose typical fibre is
We assume from now on that (X, ω) is a Kähler manifold, and denote by g the dg Lie algebra controlling extended deformations of the Kähler structure (see Sect. 2.6). We omit from now on the subscript ω in the Lie brackets notations.
3.4.1. Auxiliary operators. We want to study the following morphisms of sheaves:
(i) The inverse Kähler form ω −1 induces a natural "raising of indices" map
which, combined with the antisymmetrisation, extends to the map
which is a combination of contraction and wedge product.
3.4.2. Lemma. For any Kähler manifold X, one has (a) The commutator,
A comment on the proof. One can identify the sheaf Ω * , * X with the structure sheaf on the supermanifold ΠT C , where Π is the parity change functor and T C = T R ⊗ C. Then, in a natural local coordinate system (z a , ψ a := dz a ,ψ a := dz a ) one may explicitly represent the (odd) Lie brackets as Poisson ones,
where the summation over repeated indices is assumed, and ω ab stand for the coordinate components of the inverse Kähler form ω −1 .
Analogously, one can identify the sheaf ∧ * T X ⊗ Ω 0, * X with a sheaf of functions on the total superspace of the bundle ΠT X ⊕ ΠT * X . In a natural local coordinate chart, (z a , ψ a := Π∂/∂z a ,ψ a := dz a ), one may explicitly represent the basic operators as follows
The main technical advantage of this point of view is that -it is enough to check all the claims (a)-(e) at one arbitrary point * ∈ X, -due to the Kähler condition on ω, one can always choose the coordinates at * in such a way that ∂ω ab ∂z c | * = 0.
With this observation all the above expressions can be dramatically simplified making the claims either transparent or requiring a minimal calculation. 2 3.4.3. Proposition. The (odd) linear map,
makes the dg vector space,
into a dg module over the dg Lie algebra g. Proof. For any κ 1 , κ 2 ∈ g and any a ∈ m, we have, by Lemma 2.1(d),
which means that (m, •) is a g-module. Consistency of • with the differentials is also an easy check:
Lemma. An (even) linear map
for any κ, κ 1 , κ 2 ∈ g and a ∈ m.
Proof. We have
and, using Lemmma 2.1(d),
In conclusion, the pair consisting of the dg Lie algebra,
and the dg g-module,
satisfy the conditions of Proposition 3.2.1, and hence gives rise to a flat vector bundle, (E m , ∇), over the moduli space of extended Kähler structures,
3.5. Remark. In Sect. 5 we shall produce more examples of pairs (g, m) to which Proposition 3.2.1 is applicable -one for each differential Gerstenhaber-Batalin-Vilkoviski (dGBV, for short) algebra. This will produce, in particular, one more local system, (E gets deformed into another one, F ≥r t , t ∈ M cl ; a remarkable fact is that this deformation satisfies Griffiths transversality condition with respect to the Gauss-Manin connection on the bundle E m (see Examples 2.4 and 3.3) restricted to M cl ⊂ M.
What happens to the Hodge filtration when one moves from a "classical" point J t ∈ M cl to a generic point in the extended moduli space, M, of complex structures? An answer to this question was given in [B2] by a creative usage of Sato type Grassmanian, Gr ∞ 2 , of semi-infinite subspaces in
Moreover, for Calabi-Yau X, the resulting datum was used as an input for producing a family of Frobenius manifold structures on M ≃ H * (X, ∧ * T X ) parametrized by isotropic (with respect to the Poincare metric on H * (X, C)) increasing filtrations which are complementary to the Hodge one.
We present below a symplectic version of the Barannikov's construction. The parallelism is so strong that we can afford being sketchy.
Semi-infinite A-variations of Hodge structure in H
* (X, ∧ * T X ). Let (X, ω) be a compact n-dimensional Kähler manifold, and let (M, * ) ≃ (H * (X, C), 0) be the associated moduli space of extended Kähler structures. As before, we denote by g the dg Lie algebra,
which controls deformations of the Kähler structure. However, instead of the g-module m defined in Sect. 3.4, we need its slight modification involving a formal parameter ,
with κ • a := [i κ , Q]a and κ • a := − 1 i κ a. All the formulae and claims of Sect. 3.4 remain true; in particular, the pair (g, m) gives rise to a flat vector bundle, (E , ∇), over the moduli space (M, * ).
where l is a linear automorphism of Γ(X,
the fibre of the bundle E over the base point * is isomorphic to
3 The associated linear automorphism of
is denoted by the same letter l .
The standard Hodge decreasing filtration on H
is given by
). There is associated a linear subspace,
Next one considers a relative Grassmanian, Gr ∞ 2 (E ), whose fibre over a generic point t ∈ M is the Sato Grassmaninan of semi-infinite subspaces in the fibre of π : E → M over t. The latter has a canonical global section, Φ, which associates to any t ∈ M the vector space, Φ(t), of all elements in π −1 (t) which are (formal) analytic in . We can use the flat connection ∇ to compare the values Φ(t) at different points t ∈ M via the parallel transport to the base point. In this way we get a well defined map to the projective limit of Sato Grassmanians,
, where P ∇ t stands for the parallel transport from t to * . Taking into account Remark 3.2.2, we may write L t = l e Γ(t)• Φ(t)⊗O * . Note that L * is precisely the submodule L 0 ⊗O * corresponding to the standard Hodge filtration on H * (X, ∧ * T X ).
. Using this fact it is easy to check that the restriction of the above map to the classical Kähler cone M cl ⊂ M gives precisely the A-variations of the Hodge structure studied in [CF, CK, Mo] .
Frobenius manifolds.
We assume from now on that X is an n-dimensional Ricci flat Kähler manifold, i.e. a Calabi-Yau manifold. In this case the line bundle ∧ n T X admits a global nowhere vanishing section which we denote by η. The associated nowhere vanhishing global holomorphic n-form is denoted by Ω. Note that η ∈ L 0 . Let
, be an increasing filtration on H * (X, ∧ * T X ) which is complementary to the Hodge filtration in the sense that ĩ +j= 2r
There is associated a linear subspace,
Moreover,
and, for t ∈ M "sufficiently close" to the base point * , the intersection
consists of a single element. Hence there is a well defined composition
where Ω stands for the natural contraction with the holomorphic volume form. Moreover its equivalence class,
gives rise to a composition
which is obviously a local diffeomorphism. If {∆ a } is a vector space basis in H * (X, C) and {t a } the associated dual basis, then the functions t
4 . In this coordinate system the map Ψ W satisfies the equations (Proposition 6.5 in [B2] ), The Poincare form on H * (X, C) together with the given holomorphic volume form Ω induce a non-degenerate paring on
If we assume that the complementary filtration W is isotropic in the sense that
On the other hand,
so that the functions
do not depend on , and hence define a non-degenerate metric,
, on the formal pointed manifold (M, * ). Moreover, differentiating the above equation with respect to t c W , we immediately conclude that the metric g ab is constant in these coordinates , and that the tensor,
ab g dc , is totally symmetric and hence potential,
The above quadratic equations for A c ab mean that the latter must be a solution of the WDVV equations. It is not hard to check (cf. [B3] ) that the equation,
holds for some vector field E on M. Differentiating the defining equation of the metric with respect to , one immediately concludes that E is a conformal Killing vector with respect to the metric g,
Doing the same to the equation defining the structure functions, one proves the homogeneity,
The basis {∆ a } may be chosen in such a way that ∆ 0 is the unit of the supercommutative algebra H * (X, C). We denote by 1 the canonical lift of ∆ 0 into g. The map of pointed dg manifolds, Γ : (M, * , 0) → (g, 0, Q g ), can always be normalized in such a way that [Me2] ∂Γ ∂t
This immediately implies,
which in turn implies that the vector field e = ∂/∂t 0 W is a unit with respect to the multiplication •.
Thus applying the remarkable Barannikov's construction [B2, B3] to the deformation theory of Kähler forms, one gets a family, (Φ W , g, E, e), of Frobenius manifold structures on M ≃ H * (X, C) parameterized by isotropic filtrations in H * (X, ∧ * T X ) which are complementary to the standard Hodge one.
Dual torus fibrations
5.1. Monge-Ampère manifolds [H, KS] . Such a manifold is a triple, (Y, g, ∇), consisting of a smooth manifold Y , a smooth Riemannian metric g, and a flat torsion-free affine connection ∇ such that (i) the metric is potential in the sense that its coefficients in a local affine coordinate system {x i , i = 1, . . . , dim Y } are given by
for some smooth (convex) function K;
Due to the convexity of K the system of equations,
can solved in any local affine coordinate system {x i } on (Y, g, ∇). The resulting functionŝ x i =x i (x j ) give rise to a new local coordinate system on Y and hence to a new torsion-free affine connection,∇, on Y which has {y i } as local affine coordinates. Moreover, potentiality of the metric and the Monge-Ampère equation imply,
for some smooth functionK satisfying det ∂
2K
∂y i ∂y j = const −1 .
Thus we have the following 5.1.1. Proposition [H, KS, L] . For any Monge-Ampère manifold (Y, g, ∇) there is canonically associated dual Monge-Ampère manifold (Ŷ ,ĝ,∇) such that (Y, g) = (Ŷ ,ĝ) as Riemannian manifolds, while the local systems (T Y , ∇) and (TŶ ,∇) are dual to each other. [H, KS, L, SYZ] . Let (Y, g, ∇) be a Monge-Ampère manifold. The flat connection produces a natural splitting, 
Dual torus fibrations
T T Y = π * (T Y ) ⊕ π * (T Y ),
Mirror symmetry between semi-infinite variations of Hodge structure.
With any compact Calabi-Yau manifold X one can associate two models:
• semi-infinite B-variations of Hodge structure,
over the extended moduli space of complex structures, and a family, {Φ W complex (X)}, of Frobenius manifold structures parameterized by isotropic increasing filtrations, W , in H * (X, C) which are complementary to the Hodge one (this is the original Barannikov construction, see [B2] );
• semi-infinite A-variations of Hodge structure,
over the extended moduli space of Kähler forms, and a family, {Φ 
Proof. It is enough to study T n -invariant subsheaves of the sheaves of differential forms and polivector fields on both X andX. Which are related to each other via the following composition of isomorphisms of O Y -modules,
and a similar one with X andX exchanged. Here we implicitly used the fact that Y can by canonically embedded into both X andX as as the zero section. The middle isomorphism,
comes from the "lowering of indices" map induced by the metric g on the first tensor factor and the identity maps on the other two factors. In corresponding local affine coordinate systems this map is given on generators by,
Then we have, for example,
Analogously one checks that the map φ sends the Schouten brackets into the Lie brackets defined in Sect. 2.6. As a result, the map φ canonically identifies the pair consisting of the dg Lie algebra,
and its module,
with the pair consisting of the dg Lie algebra
and its module
The same statement, but with X andX interchanged, is also true. All the above claims follow immediately. 2 6. Semi-infinite VHS in dGBV algebras 6.1. Differential Gerstenhaber-Batalin-Vilkovosky algebras. Such an algebra is a quadriple (A, •, d, ∆) , where (A, •) is a unital supercommutative algebra over a field k, and (d, ∆) is a pair of supercommuting odd derivations of (A, •) of order 1 and 2 respectively which satisfy d 2 = ∆ 2 = 0.
Equivalently, a dGBV algebra is a differential supercommutative algebra with unit, (A, •, d) , plus an odd linear map ∆ : A → A satisfying
and, for any a, b, c ∈ A,
Note that ∆(1) = 0.
It is not hard to check (see, e.g. [Ma] ) that the linear map 
holds for any a, b ∈ A.
6.2. A dGBV algebra as a g-module. For any a ∈ A, we denote
The parity of this linear map is equal to the parity of a.
6.2.1. Proposition. Let (A, •, d, ∆) be a dGBV algebra. Then the linear map,
makes the triple m = (A, •, d+∆) into a differential module over the differential Lie algebra
Proof. Let us first show that (A, •) is a module over the Lie algebra (A, , induced by the volume form, is a dGBV algebra satisfying all the conditions of subsection 6.4. It is easy to check that the resulting construction of Frobenius manifolds is equivalent to the original Barannikov's one [B2] .
